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Landscape: vN vs C*

Goal: Transfer(ence) of subfactor techniques to C*-algebras

von Neumann Algebras

Classification:

P MwNa3, con7e] INjective factors:
MRR=M

3! hyperfinite I1;-factor:
RER®R

Subfactors: N C M (survey: [Pop23))
» uons3) Index Rigidity Theorem:
[M: N] € {4cos® T} ,>3 U [4, ).
N C M «~ quantum symmetry:
{N C M} < {C ~ N-+generator}

C*-algebras

Elliott Program: (Survey: [Whi23])

» 'Many hands’ [cLnis, EGLNIS, TWW17]
Classify simple amenable C*-algs
by K-theory and traces

Feat: Z, 05, 0,, O, AF, Ay, ...

C*-inclusions: A C B [npnz3
@ C*-algs have QuSymmetry!
& Characterization of framework
¢ Classification of QuDynamics?
#® Interactions with K-theory



Natural habitat for Unitary Tensor Categories (UTC)

Discrete & © Hilbf(r) ;
compact groups: ® Hilbr(T,w), [w] € H*(G,T)

e e Rep(G)
M

Discrete/compact {G} T-K-W Rep;(G) 2, Hilby
quantum gps [NT13]:

Fiber functor

{/v C M} &4 Cvew S Bim(N) + Q= n[A(M)y
Subfactors: The generalized fiber functor Q-system [Long4|

standard invariant (NCM)=(NCNxQ)
[Ocn8s, Pop9Sa, Jon22, Miig03] . Eyery C comes from LFoo & N C M = LF [pso3)




Subfactors and their standard invariants

Realization/Crossed Products: [iLpss, sp1g)
{(NC M) {chM 2 Bim(N) + Q = NLQ(M)N}
el

~(NCM)=(NCNxQ)

Subfactor Classification
P1 Analytic/Dynamical: Construct & classify {C ~ N},
P2 Algebraic: Construct & classify Q-sys/W*-algebras {Q € C}.

Example (Hyperfinite Subfactors R = N C M = R (pops, popost] )
Standard invariant is complete for amenable hyperfinite subfactors!



C* Quantum dynamics

C*-algebras have quantum symmetry too!

» Every UTC from some C*-inclusion [urp20]

> C*-algebras are Q-system complete [cHpip2

C*-inclusions
Standard invariants transfer to C*-inclusions Hpn23):

R n: % E
{C—>B|m(A) +c-gradedc-A|gB} w {ACAXB

C* Quantum Dynamics

Known: Largest class {A C B} determined by standard invariant

Future problems

» Construct/classify C* Qudynamics (on classifiables)

» Robustness of classifiable C* by discrete extensions



Content of Minicourse

1. Introduction and UTC examples

2. Fundamentals of tensor categories

3. Unitarity in tensor categories, Index theory and Concrete
examples

4. Q-systems & algebra objects, and the standard invariant

5. Actions of UTCs on C*-algebras and their crossed products by
example
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Tensor Category

Example: Rep(G), category of finite dimensional representations
of a finite group G over C.

» Objects: representations of G over C
» Morphisms: Interwiners

A tensor category C over C is category that is
» monoidal: (®,1)

» C-linear: Hom(X, Y) is C-vector space and composition is
bilinear.



Tensor Categories
A tensor category (C,®,1,a,/,r) is a C-linear category C with
> a tensor product functor

®:CxC—=C,

P a unit object
leC

P an associativity constraint «,

a:(-9-)9- 5 - (—®-)

> a left unit constraint
IX 1o X ;> X,
P a right unit constraint

rxiX®1L>X,



Tensor Categories

and the data (C,®, 1, a, /, r) satisfies
» the Pentagon Axiom

(WeX)e(Y®Z)

aW®X,Y,Z% AW, X,Y®Z
(WeaX)eY)eZ We(Xe(Ye2)
aw x,y®idz | o oy 2 Tidw ®ax v,z
(WeXeY)eZ » W (XeY)e® 2)
» Triangle Axiom
X®l)®Y XLy y X®(13Y)
rx@m A@lv
X®Y

» The tensor category is said to be strict if «, /, r are all
identities.



Example: Category of Vector Spaces

> C = Vecc, the category of vector spaces over C.
> ® is the tensor product of vector spaces over C.
» 1 = C is the ground field C.
P associativity
a((uev)eow)=u®(vew),
forue U, veV,we W.
P unit constraints

(lev)=v=r(val)



Vecg: Category of G-graded Vector Spaces
» Objects: G-graded f.d. vector spaces V = ®g€G

» Morphisms: linear maps which preserve the gradlng.
> If V =@zccVy and W = Pgec W, then

(VW) =EP Vi@ Wiy
heG

» 1 =C,, and associativity

avwz: (VoW)eZ - Ve (W®Z)
(Vg ® wp) @ zx — w(g, h, k)vg @ (W ® zk) ,

g.hkeG,vg € Vg, wy € Wy, z € Z.
> wisa 3-cocycle: w: G x G x G — C* such that

w(ab, ¢, d)w(a, b, cd) = w(a, b, c)w(a, bc, d)w(b, c, d)



Tensor Categories from Representations
Rep(G), G a group.
» Objects: representations of G over k,
» Morphisms: interwiners,
> ® is the tensor product of representations

pvew(g) = pv(g) ® pw(g)

Rep(g), g a Lie algebra over C
> ® is defined by

pvew(a) = pv(a) ®idw +idv ® pw(a)



Temperley-Lieb Diagrams

Let t be an indeterminant over C and d = (t + t_l).
Let m,ne€ {0,1,2,...} and m — n even.

The (m, n)-TL diagrams

Figure: A (5,7)-TL Diagram

\V

AN




Composing Temperley-Lieb Diagrams




Temperley-Lieb Categories
The generic Temperley-Lieb category is a tensor category with
» objects: elements of Ng = {0,1,2,...}.

» morphisms
If n— mis odd, then Hom(m, n) is the 0 -vector space.

If n— m even, Hom(m, n) is the C(t)-vector space with basis
the set of equivalence classes of (m, n)-TL diagrams.

» tensor product
on objects: n®@n’ =n+n'.
on morphisms: horizontal juxtaposition.

Tensoring an (n, m)-TL diagram with an (n’, m’)-diagram
gives a (n+ n',m+ m')- TL diagram.



Graphical Calculus for Morphisms

Let C be a strict tensor category.

> f:U—>YV
TV TV
£ Id -
v ‘v
> fog
AW w
fog = 4
& |




Graphical Calculus for Morphisms

> f®g

[ 1

f g - p
[




Dagger Category

We say that C is a dagger category if and only if for each X, Y € C
there is an anti-linear map

T : Hom(X,Y) — Hom(Y, X)

such that

> (1"T)Jr = f, forany X, Y € C and f € Hom(X,Y).

> (fog)]L:g]LofJr

> (fog)f=feg
We1 say tThat f € Hom(X, Y) is unitary if it is invertible with
f~t=fT

> Examples:
Hilb, the category of complex Hilbert spaces.

Hilb(T",w), the category of w-twisted complex I- graded
Hilbert spaces.



C* Category

A dagger category C is called a C*-category if

» For every X,Y € C and f € Hom(X, Y), there is a
g € End(X) such that flof =gl og.

» The function | - || : Hom(X, Y) — [0, 0c] defined by
)% = sup{])\| >0 fTof — \dy is not invertible }
is a complete norm on Hom(X, Y).
> [fogll <IIfll-llgll

> ||fof| = I



Tensor Functor

Let C = (C,®,1,a,/,r) and D = (D,®',1',a/,I', ') be tensor
categories.
A (strong) tensor functor from C to D is a functor F : C — D with

a isomorphism Fy : 1’ — F(1) in D and with a natural isomorphism
Fa(X,Y): F(X) @ F(Y) = F(X®Y)

such that

(F(X) & F(Y)) @ F(Z) TR0 £y o (F(v) o F(2))

F2(X Y ® IdF Z)l lld[:(x) ®/F2(Y,Z)
F(X® Y)® F(Z) FIX)& F(Y ® Z)
F(X®Y, Z)l le(X,Y®Z)
F(ax,v,z)

F(X®Y)® 2) FIX®(Y®Z2)




Tensor Functor

I r’
& F(X) —X 5 F(X) F(X)&' 1 — 4 F(X)
Fo®idr(x)]. TF(x)  idrex) ®Fo] TF(rx)
F(1) & F(X) R FleX), F(X)& F(1) ) F(X®1)
commute.

A natural transformation of tensor functors
n: (F, Fo, F2) = (G, Go, G2) is a natural transformation
n : F — G such that 7n; is an isomorphism, and

nxay F2(X,Y) = G(X,Y) (nx @ ny)



Examples of Tensor Functors

Let A be a unital C*-algebra and I" be a discrete group acting on A.

Then we have a tensor functor F

F : Hilb(I) — Bim(A)
Cqg = gA

where ;A is a is A as a right Hilbert A-module and
avb=gYa)b
The tensorator for F is

FEN . F(g) @a F(h) = F(gh)
a® b h~1(a)b.

This can be generalized to anomalous actions on a C*-algebra.



Duality in Vece

Consider Vecc, the category of f.d. vector spaces over C.

» vV € Ob(Vecc), IV*, and morphisms

evy : V'@V — C,
coevy :C = V@ V¥,

P> evy is the evaluation map,

> coevy (1) : =Y v;® v/, {vi} and {v'} are dual bases in V
and V*.



Duality in Tensor Categories

P> Let C be a tensor category and X € C. A left dual of X is an
object X* with

evx - X*® X — 1, coevx:1— X® X",
such that the composition

X coe\ﬁidx X ® X* ® X idxﬁe)VX X

id x* ®coev evy ® idyx
X*TESTOX @ X @ XS X

are identities.
> Similarly, one can define right dual (*X, ev), coev)) of X.

» A tensor category C is called rigid if every object of C has
right and left duals.



Dual Morphism

If X, Y € C which have left duals X*,; Y*and f : X — Y is a
morphism.

Define the left dual f*: Y* — X* of f by

oy idy*&;}evx Y*®X®X* idy * ®f®|dx* Y*®Y®X* evY®|dX* X*

Similarly, one can define the right dual *f : *Y — *X of f.



Graphical Calculus for Rigidity

> evx and coevy

X

X

» The graphical form of rigidity axioms

X X X

x

Recall . )
X coe\ﬂldx X®X* ®X 1dx®evx X

Qcoevx

X* ldX* X* ® X ® X* eVX®|dX* X*



Graphical Calculus for Rigidity
» The left dual f*: Y* — X*

[

£y idy*g;)evx Y*®X®X* idy*

Recall

®f®|dx* Y*aYoX* evY®|dX* X*

> Letf:V — W,g: U — V be morphisms in C, then

(fog) =g of"



Useful Adjunctions

For any family U, V, W of objects of C, we have natural bijections

Hom(U ® V, W) = Hom (U, W ® V*)
w w

] — [t

w v w

and
Hom (U* ® V, W) = Hom(V, U @ W)



Examples of Rigid Tensor Categories

» Vec¢ with normalized cocycle w.
Cy="Cg =Czr

Normalize the coevaluation morphisms of C, to be the
identities. Then

eve, =w (g,g ", g)idx
» Rep¢. For a finite dimensional representation V/,

» the dual representation V* is the usual dual space

> G-action is given pv-(g) = (pv(g) )"



Invertible Objects

» Let C be a rigid tensor category.
> An object X in C is invertible if

evy X' X =1
coevy : 1 = X ®@ X*
are isomorphisms.

> Examples:
» The objects C, in Vecg are invertible.

» The invertible objects in Rep(G) are the 1-dimensional
representations of G.

» The invertible objects of C form a tensor subcategory Inv(C)
of C.



Plan for Tomorrow

» Pivotal structure, Categorical trace, Spherical categories
» Fusion categories

> ...
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