7.2 Transformation of Initial Value Problems

Recall in Section 7.1, we talked about the general process of using the Laplace transform to solve an
initial value problem

Differential Solution x(7)
equation of differential
in x(7) equation
Algebraic Solve Solution X(s)
equation algebraically >| of algebraic
in X(s) equation

Question How do we take Laplace transform to differential equation, say,
"+ =sin3t ?
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From section 7.1, we know L{sin 3t} =

How to compute L{z"(¢)} and L{z'(t)}?

Theorem 1 Transforms of Derivatives

Suppose that the function f(¢) is continuous and piecewise smooth for ¢ = 0 and is of exponential
order ast — oo, so that there exist nonnegative constants M, ¢ and T such that

If(t)| < Me® for t>T. (1)

Then L{f'(t)} exists for s > ¢, and

L{f' ()} = sLLF()} — £(0) = sF(s) — £(0). (2)




Corollary. Transforms of Higher Derivatives

Suppose that the functions f, f', f”,- -, f®1 are continuous and piecewise smooth fort > 0, and
that each of these functions satisfies the conditions in (1) with the same values of M and c. Then
L{f™} exists when s > ¢, and

L{f™ (&)} = s"L{f(t)} — s" " £(0) — s" 1 £'(0) — - -- — F"71)(0) (3)
= "F(s) = 8" f(0) = 5" f/(0) = -+ = 57D (0) — 7V (0)
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Example 1 Use Laplace transforms to solve the initial value problem.
" —2' —6x=0; =z(0)=2, 2'(0)=-1. (4)

ANG - Step 1. Take L on  both sicles O"’ the Qzuor/iouq, J\f"’biix(&)
Hepd. Solve Ahe e{m”w\ Tm’ Xy,

epa. Toke 1! on the  Soluhon of Xes) o jgv‘ x(1) .

S‘fefi. We CO”::"{"’#Q/
JL X=X 6x $= Lol =0
> ) )7 - LI - 6=} =0

> (s’X(S)— S#(0) - X't0) ) - (s X(s) - 1(0)) — é X(s) = 0

S%er): D §X -5 2—-(-1) —sXH+ 2 -6 X[s) =0
= (s‘—s—é)x(s) -2s +3 =0

28 -3
=00 Xs): =22
A
25 -2 ASSMM& A
S~3

_‘.
T (S-3)(s42) St
Comﬁm _ AGst2) + B(s-3)
T (5-3D(S+2)




\)' A+R)s +2A-3B

(5-3)(s12)
3
= A+R =2 - -
=> - {A <
xp= - -2
2A-3B=-3 B= <
Ther A= == : i [

SjreFS. Toke L7 on both siclos o]l fhe  nbove

e%um‘io»\, ond  vecol QL" Tgi_&i _ QML

Al :"L—, fX(S)K ,L-' K t = o[' ignj

S - (-

> =2 ed e



Example 2 Use Laplace transforms to solve the initial value problem.

" +z=sin3t; z(0)=2'(0)=0
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Ex.

Example 3 Use Laplace transforms to solve the initial value problem.

2" +4z' +3z=1; z(0)=0=2'(0) (6)
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Linear Systems

Example 4 Use Laplace transforms to solve the initial value problem.

z =2z +y, (7)
Y =6z + 3y,
z(0) =1, y(0) = -2
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Additional Transform Techniques

Theorem 2. Transforms of Integrals

If f(t) is a piecewise continuous function for ¢ > 0 and satisfies the condition of exponential order
|f(t)] < Me® fort > T, then
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t
2V [ fwyar (0

0
Example 5 Apply Theorem 2 to find the inverse Laplace transform of the function. J:?ecdj

e

G(s) = 26oa) ° n = . (10)

ANSi ANS: We /lhow ,LA ig_'“o\z = @Oj

I]f e ossmme Ty o Jhen U e%ca) 'n Thn 2

L2 4 faes] = [ Lagd e
[ “t_ )

:J:Q&T(\JI - 4 [eolt

Wwe l\avz

(

T}l’fA_S L ? S(S-QJX TJ{ (@M
Ne TQreon‘ +the ( bove %ecb\ V‘I%MQ —to ?«@’

2 Fs

il{@(s)] 1 f SCSSG) f ﬁf” Jo L,ié%;a)fdz
:jff.,\(eﬂ— ) dt

_6
-3 (ke o) = F(dettt 4]



Example 6 Apply Theorem 2 to find the inverse Laplace transforms of the function.

1

F(s) = s2(s2 4+ 1)

(11)
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