5.7 Nonhomogeneous Linear Systems
Given the nonhomogeneous first-order linear system
x' = Ax + f(t)

where A is an n X m constant matrix and the “nonhomogeneous term” f(¢) is a given continuous vector-
valued function.

A general solution of Eq (1) has the form
x(t) = x.(t) + %, (¢),
where

® x.=c1X1(t) + coxa(t) + - - - + cpx,(t) is a general solution of the associated homogeneous system
x' = Ax,

® x,(t) is a single particular solution of the original nonhomogeneous system in (1).

Undetermined Coefficients

Example 1 Apply the method of undetermined coefficients to find a particular solution of the following system.
' =x+2y+3
Yy =2zx+y—2
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Recall that if we want to find z,,(¢) for the equation " — x = e’, we assume ;, = a te’ since e’ is a solution

for the homogeneous equation z” — z = 0.

Similarly, in general cases, we need to check the solution for x, for the homogeneous equation x’ = Ax.

For example,

Example 2 Apply the method of undetermined coefficients to find a particular solution of the following

system. X = A,—“ _|.\.fﬁ>
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Example 3 Apply the method of undetermined coefficients to find a particular solution of the following
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The computation is quite long, so we list some

C&( b[ C' d{
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f the result to save some time in our class. We have
z, = (2a;1 + d1) cos (2t) + 2¢1t cos (2t) + (—2b1 + 1) sin (2t) — 2d1t sin (2¢)
Y, = (2a2 + d3) cos (2t) + (—2by + c2) sin (2t) + 2¢at cos (2t) — 2dat sin (2t)

Compare the coefficients for sin (2t), cos (2t), ¢ sin (2¢) and ¢ cos (2t) in the equations
33;, =z, — dYp + cos 2t and yI'D = xp — Yp, We have the following 8 equations:



(2¢1 —d1 +5dy =0
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We use calculator or computer to solve for these 8 variables, we find a solution

a1:%,61: 162:%,d1:%anda2:b2:d2=0.
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Thus z,(t) = + (sin 2t + 2t cos 2t + ¢ sin 2t) and Zf’(t) = Ttsin2t.

Using the Variation of Parameters discussed later in this section, we can use Matlab code to solve for this
question. In Matlab, we writeUsing the Variation of Parameters discussed later in this section, we can use
Matlab code to solve for this question. In Matlab, we write

% We first define variable s and t

syms t s

% We define the initial condition as follows
x0 = [0;0];

The matrix A is given in the question
A=11-5;1-11;

We define a column vector fs as the column vector function f(t)

o
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Note here we replace t with s

9 fs = [cos(2.*s);0];

10 % We compute the definite integral in Eq(12) in our notes
11 integral = int(expm(-A.*s)*fs, 0, t);

12 % We compute x(t) using Eqg(1l2)

13 solutiontoexample3 = simplify(expm(A.*t)*(x0 + integral))

After running the code we have the output

1  solution

2 [1/4(t+1) sin (2 t)+ 1/2 cos (2 t) t]
3 [ 1
4 [ 1/4 sin (2 t) t ]
5



Variation of Parameters

We want to find a particular solution X, of the nonhomogeneous linear system
x' = P(t)x + £(t),
given that we have already found a general solution
Xe = c1X1(t) + coaxa(t) + -+ - + cpxp(t)

of the associated homogeneous system

THEOREM 1 Variation of Parameters

If ®(¢) is a fundamental matrix for the homogeneous system x’ = P(¢)x on some interval where P(¢) and
f(t) are continuous, then a particular solution of the non- homogeneous system

x' =P(t)x + £(t),

is given by

x,(t) = B(t) / & (t) 1f(t)dt.

IfP(¢t) = A, we can use ®(t) = eA! = &(¢)®(0) .

Then

x,(t) = eAt/eAsf(s)ds

Consider the initial value problem
x' = Ax + £(¢t), x(0) = xo

Then the solution is given by

t
x(t) = eAlxy + eAt/ e A (s)ds
0

Note there were typos in our textbook for Eq(10) and Eq(12) on page 367.
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Exercise 4 Solve the initial value problem

S

The solutions are on page 368 of the textbook.



Example 5 In the following question, use the method of variation of parameters (and perhaps a computer
algebra system) to solve the initial value problem

x'=Ax+f(t), x(a)=x,.
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Ans: To solve this by hand, we need to follow the steps discussed in Example 3. We provide a computer code
to solve this question.

In Matlab, we write the following code:

% We first define variable s and t

syms t s

% We define the initial condition as follows
x0 = [0;0];

% The matrix A is given in the question

A =1[4 -1; 5 -2];

% We define a column vector fs as the column vector function f(t)

0 N o0 ok W N

% Note here we replace t with s

9 fs = [18*exp(2*s); 30*exp(2*s)];

10 % We compute the definite integral in Eqg(12) in our notes
11 integral = int(expm(-A.*s)*fs, 0, t);

12 % We compute x(t) using Eq(12)

13 solutiontoexample4 = simplify(expm(A.*t)*(x0 + integral))

After running the code, we get the following result

1  solution =

2

3 [15 exp (3 t)- 14 exp (2 t) - exp (-t)]
4 [ ]
5 [15 exp (3 t) - 10 exp (2 t) - 5 exp (-t)]
6

Thus
z1(t) = e ' (e (15e" — 14) — 1)
zo(t) = e (5 (3e' — 2) — 5)



