Overview of the Eigenvalue Method (§5.2 and §5.5)

Constant Coeff. Homogeneous System:

dx

Constant Coeff. Homogeneous: pri AX

Solution: X=c1X1+coXo+---,
where X, are fundamental solutions
from eigenvalues & eigenvectors.
The method is described as below.

The Eigenvalue Method for Homogeneous Systems:
The number A is called an eigenvalue of the matrix A if |A — M| = 0.

An eigenvector associated with the eigenvalue A is a nonzero vector v such that

(A — AI)¥v = 0.

We consider A to be 2 x 2, then the general solution is X(t) = ¢1X1(t) + c2Xa(t),
with the fundamental solutions X, (¢),X5(¢) found has follows.

A Aot

e Distinct Real Eigenvalues. X;(t) = Vie*?, Xo(t) = vae

e Complex Eigenvalues. \; o = p+qi. (suggestion: use an example to remem-
ber the method)

If # =@+ ib is an eigenvector associated with A = p + ¢i, then
Z1(t) = ePt (acos gt — bsin qt), %a(t) = e (B cos gt + Gsin qt)
e Defective Eigenvalue with multiplicity 2.

Find nonzero v, and ¥; such that (A — A\I)?¥, = 0 and (A — M)V, = V.
Then X, (t) = V1e*, X5(t) = (Vit + Vo) e,




5.2 The Eigenvalue Method for Homogeneous Systems

In this section, we will talk about the method of solving the the first-order linear system

dx
—— = A 1

Review: Eigenvalues and Eigenvectors

Definition. Eigenvalues and Eigenvectors
The number A is called an eigenvalue of the n X n matrix A provided that
A - =0 Cumclericlic %m —fo« A (2)

An eigenvector associated with the eigenvalue \ is a nonzero vector v such that Av = A\v, so that

(A —X)v=0. (3)
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Theorem 1 Eigenvalue Solutions of x' = Ax

Let X be an eigenvalue of the (constant) coefficient matrix A of the first-order linear system

dx
— = Ax 5
If v is an eigenvector associated with A, then
x(t) = ve (6)

is a nontrivial solution of the system.
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The Eigenvalue Method

To solve the n X m homogeneous constant-coefficient system x’ = Ax, we have the following steps:

1. Solve the characteristic equation |A. — AI| = 0 for the matrix A for the eigenvalues A1, Ag, - - -+, A, of the
matrix A.

2. Find n linearly independent eigenvectors v, va, - - -, Vv, associated with these eigenvalues by solving

(A —AI)v=0.

3. Note step 2 is not always possible. If it is, then we get n linearly independent solutions
x1(t) = vieMt, x5(t) = voe? - x, () = vpett (1) (7)
In this case the general solution of x’ = Ax is a linear combination
x(t) = c1x1(t) + coxa(t) + - - - + cnXxp(?) (8)

of these n solutions.
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Case 1. Distinct Real Eigenvalues

If the eigenvalues A1, A2, -+, A, are real and distinct, then we substitute each of them in turn in
(A — AI)v = 0 and solve for the associated eigenvectors Vi, Vs, - - -, V. In this case it can be proved that
the particular solution vectors given in (1) are always linearly independent.

Example 1 Apply the eigenvalue method to find a general solution of the given system.Then use a computer
system or graphing calculator to construct a direction field and typical solution cu?vy(les for the givep system. ;—{ 2
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In Matlab, we use
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[x,y] = meshgrid(-3:0.3:3,-3:0.3:3);
fl = 2*x + 3*y;

f2 = 2*%x + y;

quiver(x,y,fl,£2)



Case 2. Complex Eigenvalues

Summary:
Assume we have complex eigenvalues A = p + g4, A = p — qi.

If v is an eigenvector associated with A = p + g, then v can be writien as v = a + ib.

Then we have the solution

. Q(V\Bi
x(t) = vel — (a+ ib)e(IH—qz)t (ws Bt 41 %)

= x(t) = ept(a cos gt — bsingt) + ie” (b cos gt + asin gt) (11)

Then we get the real valued solutions Y’ (t) X;_ l‘t)

{xl (t) = Re(x(t)) = e?*(acos gt — bsin gt) (12)

x2(t) = Im (x(t)) = e (bcos gt + asin gt)

Example 2 Apply the eigenvalue method to find a general solution of the given system. Find also the
corresponding particular solution to the given initial value problem. Then use a computer system or graphing
calculator to construct a direction field and typical solution curves for the given system.
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Example 3 In the following questions, the eigenvalues of the coefficient matrix can be found by inspection and
factoring. Apply the eigenvalue method to find a general solution of each system.

(1) Similar question to the Sec 5.2 Handwritten HW. #24 in the book

A short video has been uploaded discussing this case in the course content lecture videos.
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Example 4 (Similar question to Handwritten HW Section 5.2. #29)

The amounts 21 (t) and (%) of salt in the two brine tanks of the following figure satisfy the differential
equations

dxy dz

w7 —kiz1 + kozs, el kix1 — kaxo, (16)

”
where k; = 7, 3 usual. Assume V; = 25 (gal) and V5 = 40 (gal). Solve for z1(t) and z2(t), assuming that

1
r = 10 (gal/min), 1(0) = 15 (Ib), and 22(0) = 0. Then construct a figure showing the graphs of z1(¢) and
:BQ(t).
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