
Overview of the Eigenvalue Method (  and )  § §

 



5.2 The Eigenvalue Method for Homogeneous Systems  

In this section, we will talk about the method of solving the the first-order linear system

Review: Eigenvalues and Eigenvectors  

The number   is called an eigenvalue of the  matrix  provided that 

 An eigenvector associated with the eigenvalue  is a nonzero vector  such that , so that 

Example Find the eigenvalues and eigenvectors of the given matrix

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

characteristic egn for A

ANS : The characteristic eqn for
A is

0=1*+4--11; ;) -1: :| / =/
"" •

3 -1-+1=14-71-1-+1 -6
⇒ *3×-10 = (5511×-12)--0

Thus we have two distinct eigenvalues Xi=5, Xi -2 .

' Case 1
.

X ,
-_ 5

.
Substitute Xi into CA - t.TV?--o

.

"

I:|We have

11: :] -1: :-11111=1:|
⇒ [; :/ I:/ =L:/ ⇒ f-

a -1*-0

3.a- 610=0 ②



Note -3×10=02

We can choose b= 1
,

then a=2 .

Rmk:① : You can also choose a -_ 1
,
then b=I

.

Then I = µ
is an eigenvector corresponds to tis .

Rmk ② :Note for any
constant c -1-0

.

cÑ= is also

an eigenvector corresponds to tis .

Case 2 : Xi -2
. We solve (A- i. III. =3

'
Ii]We have

1:11:11:L
⇒

{
Ga -1210=0 ③

Note 03=2×04

3A + b =o ④

Let's choose a -_ 1
,
then b =-3

.

Thus i. = [ ;) is an eigenvector corresponds
to Xz= -2 .



Theorem 1 Eigenvalue Solutions of 

Let  be an eigenvalue of the (constant) coefficient matrix  of the first-order linear system

If  is an eigenvector associated with , then

is a nontrivial solution of the system.

Idea of the proof:

 

 

 

 

 

The Eigenvalue Method

To solve the  homogeneous constant-coefficient system , we have the following steps:

1. Solve the characteristic equation  for the matrix  for the eigenvalues  of the 
matrix .

2. Find  linearly independent eigenvectors  associated with these eigenvalues by solving 
.

3.  Note step 2 is not always possible. If it is, then we get  linearly independent solutions

In this case the general solution of  is a linear combination 

of these  solutions.

 

 

 

 

 

 

Assume ⇒ It )= Jett is a solution for 151 for some X , J .

Then ⇒ it , = .EE#--AI--AJeYt-
⇒ At = XJ

Thus × is an eigenvalue for A and J is the correspond
eigenvector .

We have the following cases for the eigenvalues :

1. Distinct Real Eigenvalues
2. Complex Eigenvalues
3. Repeated Eigenvalues (will be covered in $5.5 )



Case 1. Distinct Real Eigenvalues

If the eigenvalues    are real and distinct, then we substitute each of them in turn in 
 and solve for the associated eigenvectors . In this case it can be proved that 

the particular solution vectors given in (1) are always linearly independent.

Example 1 Apply the eigenvalue method  to find a general solution of the given system.Then use a computer 
system or graphing calculator to construct a direction field and typical solution curves for the given system.

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

%) ←
A

⇐ I:÷¥f. :*:÷j
""

ANS : Step 1. Find the eigenvalues for A .

0=1 A- XI / =/
2- ✗ 3

z ,,

= 12-7111-7) -6=+2-3×-4

⇒ 1×-41×+11=0 ⇒ X ,
= - l and 1<=4

step 2. Find eigenvectors ¢19)
- Case 1

. ✗ ,
=
- l

.
We solve 1A - X , I )v?=8

⇒

(I (1)i:/ ⇒ {
" + ""

⇒ a¥o
2h 1- 26=0

Let a- 1
,

then D= -1
.

So vi. (4) is an eigenvector corr. to d. = -1
.

¢9.1
• Case 2

. Xi 4
. We solve CA -KI)Ñ=É

⇒ g-4:11:11:|2

⇒ {
→ a -136=0

2A - zb =o
⇒ Za - 36=0



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In Matlab, we use

[x,y] = meshgrid(-3:0.3:3,-3:0.3:3);
f1 = 2*x + 3*y;
f2 = 2*x + y;
quiver(x,y,f1,f2)

1
2
3
4

Let a=3
,
then 6=2

.

So F. = (L ) is an eigenvector corresponds to d.
= 4

.

step 3 . We have

i. Its = vie
"'t
= (f)e-

t
and

I. it t.ve#-- ({ feet are two

linearly independent solutions to the given egn .

Thus the general solution✗ 2 A

⇒It , = E. ☒ It I + c. Ict ,

⇒ [:/ = c. F.) e-
+
+ c. (:/ it

⇒ {
✗ it > = c. e-

+
+ 3G ett

-t at
✗ its = - a e- + she

×?
I¥



 

 

Case 2. Complex Eigenvalues

Summary:

Assume we have complex eigenvalues .

If  is an eigenvector associated with , then  can be writien as .

Then we have the solution

Then we get the real valued solutions

Example 2 Apply the eigenvalue method  to find a general solution of the given system. Find also the 
corresponding particular solution to the given initial value problem. Then use a computer system or graphing 
calculator to construct a direction field and typical solution curves for the given system.

 

 

 

 

 

 

 

 

 

 

 

 

 

i

Recall

EIA-1B¥ eat (cosBttisintt)

FE FE

A-- %.

-

I]
ANS : • Find the eigenvalue of A (a)I a-

0=1A-XI / =/
4-✗ -3

3 ¢, /
= ¢+5 -19--1×-45+9=0
= (-4-4)/4 g

→

⇒ 4-45=-9 ⇒ ×-4--1=3i ⇒ ✗ = 4-1-3 i

• Consider 7=4+35
.

We want to find the corresponding
eigenvector J .

Let (A- ✗I)i=8⇒(
" - *⇒ →

/ µ :[;)3 4-(4-131)

⇒ {
→ia -36=0

3 a -356--0



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

⇒ {
- ia - b=o 0

Note i. ✗ D= ②
a - ib=0 ②

We can assume a--1 .

then ② ⇒ 1- ib=o

⇒ iib=¥ ⇒ - b=i ⇒ b= - i

Then
j = (g) is an eigenvector corr. to 1=4-13i.

Then ⇒ it )= Jett is a solution to the eqn .

Then ⇒ it , = ( life
#Ht

= éttlcoszttisinot )

= [
*

coszttiettsinstf.ec,
t

sing# ie
#

-943¢

1-D

- jettcoszt -ie"tsin3t ( cos#
in
* It,
\
* it ,

Note Iit) & Iit ) are two

linearly independent real-valued

solutions
.
Thus the general

solution is

Ict) = c. Ict) + c. Elt)
⇒ (¥¥=aéH(

" 't

sing

GeiY-cost



Example 3 In the following questions, the eigenvalues of the coefficient matrix can be found by inspection and 
factoring. Apply the eigenvalue method to find a general solution of each system.

(1) Similar question to the Sec 5.2 Handwritten HW. #24 in the book

A short video has been uploaded discussing this case in the course content lecture videos.

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

×:* it:÷÷H¥
¥

ANS : - Find the eigenvalues of A :

6 -1-61/5
a

0--11+-111=5
;
"

? I
,

/ =p
-⇒ f-

6- × - t

- 6 -6 - X -5 6 5-2 /

+ 6- ftp.?g/=ls--x)ft6-Hls--H -130 ) -16 - (515×1-12)

+ 6. (-25-2-(-6-2))=-113+4×2-137 = - ✗ (5-4×-113)=0
4-tf-F.is⇒ ✗

,

= 0
,

✗2,3 =

z

= 21=3i

• ✗ ,=0 .
we solve 1A - d. I)Ñ=8

"

I:|
1A -7.I)Ñ=o⇒ (

5 5 2
'
a

• -• -441=1:|6 6 t o

Kow Reduction
'

5 5 21

,

O" s

21,01¥ , → ⇒ of -5¥;
5 " °

f-6 -6 -5
I 0

-

I -31 0

6 6 51 O O O O ! 0
0 0

01,0}
→ (°o°,

"

o

" ? a+b=o
If we assume

.

a=I
,
then b=-1 .

-1 -1 0 :o) ⇒ {
0=0

Then E- (f) is an eigenvector corresponds
to the eigenvalue 4=0 .



•
And Ict )=Ñé't= .ir?e0t=v?

→ 2<=2-132
.
We solve

(A-KI )ñ=8 ⇒ [
- "⇒it 5 2

- 6 -6-(2-14) -5

6 6 s=a+=
Row Reduction :

'

3- 3i 5 2 0

to / ⇒ ( -6 - 8-si -5 0¥: : : : :+

-6 -8 - ti -5
, 0-2-3i-2-s.io/
!

3- 3i 5 2 / 0 * 3-35 3 0 to

⇒ (-6 -8-si - s to, -6 -3-31
'

010

O l l 0 ii. ,
0 1 1 10]

I

⇒ µ
- i 1 °

/
'
0 Istrowxllti ) 1-i 1 o o

-2 THIS

01,0 ( 0 000}O l l 0

0 I 1 / o
row

⇒ {
Hi )a+b=°

Let c--2
,

then 10=-2
.

btc =o

and a = = ¥ . -1¥ = Hi



Then i. = ( I;)
is an eigenvector corresponds to

ii. 2t3i
.

Then v5 etat is a solution to I '=Ax

g. eat = [Life
"""

-_ (
'

§
"

/ étlcoszttisinoot)- 2

=

'

e'tcoszttisinzt) -1 iétcoszt - e
"
sins

]( -2Gt cos 3T - 2ie*sin3t2étcos3t + ziettsinzt

=

""+ - ain't

} + a. g- [
"" + •"

Y-25in 3T-20053T

2053-1 zsinzt

IT
ii. it ) Iiit ,

Therefore ,

* it)= c. Iit ) + cix.lt ) -1 GXJCT )



⇒

i÷÷÷÷:÷: ::::i÷÷÷÷÷i.
⇒ f:÷÷÷ ::::* ::S::::: :*:::::;

"

2C , e
't
cos 3t t 2Cs e

't
sin 3T

.



 

(2) Exercise.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

* Hi, i
L1 1 4)

0=1A -XI / =
4-✗ I 1

1 47 ,
= 14-xp /

4- × I

1 4.x / - ! I
, / +

' I

4-X I
1 I 4-X

= (4-+1114-+5-1) - (4-X - 1) + (1-4-1) )
= 14 -f) (5-8×-15) - (-7-13)-1 ( x - 3)

0 = 1,3-125+45×-54

Notice that ✗ =3 is a solution
.

So we try to factor
5- 9×-118

✗-3 µ-12×445×-54
I - 3×2

9×4452
- 9×427 ×

18×-54

Thus 5- 12×2+45×-54 = ( X- 3) (5-9×+18)
= 1×-3)(X - 3)a-6) = -0

⇒ ✗=3 , 3 , 6
.

• When ✗=3
,

we solve

i. : 1/111=1:/ ⇒ a-ii. + ⇐ o

-

I 1

If D= 0 .

We have a -110=0 .
We can assume a- 1. b=-1

.

So I = µ )
is an eigenvector corresponds

to the

eigenvalue ✗ =3 .



If 1=0 , then at o_0 .
We can assume a-- I

,
c= -1

.

So

Jeff, ) is another eigenvector associated

II
,

.

This means X.=3 is complete by the 85.5 .

If * 6
,
we solve

.

6

ii. ÷ :*":S6

⇒ iii. in:c""- 2

ii.is .im : it:c: : :L
Thus
If If c =L

.
then a-- b = I

Thus
f
, =L ! ) is an eigenvectors corresponds to ¥6



Thus the general solution is

* Its = C.Tilt ) t Cs XT It ) t C, Is It ,

= a e
"

t c. µ, le
"
t Gf!) e

't
.



 

Example 4 (Similar question to Handwritten HW Section 5.2. #29)

The amounts  and  of salt in the two brine tanks of the following figure satisfy the differential 
equations

where  as usual. Assume  (gal) and  (gal). Solve for  and , assuming that 

 (gal/min),  (lb), and . Then construct a figure showing the graphs of  and 
.

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ANS : We have k
,
__ I. = = §

,

ki = =¥
Then

§
✗ i= - IX. + tax .

✗ -

'

= f- × ,
- ¥ ×,

then A= f-
I ¥

* ¥1
. First we find the eigenvalues for A .

0=11-1 - ✗I / =/
- ¥ -+ ¥ =(Es+×x¥+×j - %) o×

"

I ¥ - x

⇒ ( 2-15×711-14×1-2=0 ⇒ 20×-1-137=0

⇒ ✗ , -0
, Xz= - ¥0

' XFO .
we solve 1A -HI )Ñ=J



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

⇒ E: .
'

t.tt:1 :: ::::::⇒a⇒. .

Then I = (Eg ) is an eigenvector corresponds to XEO .

"

i¥:::÷:: ÷

. to
⇒ 1¥, Ig ) ( 7,1=1: ) ⇒ at b -- o Let a-- I

,

then D= - I
.

Thus Tiff , / is an eigenvector corresponds to XE - Io
.

Thus
Ictr (¥71,1 = c. Text t ate't = a et't!! t

→ '

iAs x. 107=15 , X. 101=0 , we
have

.



t.it: tall ⇒ I :÷÷÷⇒
.

Thus

{ !!!! !
¥3 Ht 8 e-

# t )

¥5 C l - e
'#t

y


