
3.6 Forced Oscillations and Resonance  

In this section, we will talk about the systems with forced oscillations.

We have the differential equation 

with

where the constant  is the amplitude of the periodic force and  is its circular frequency.

Undamped Forced Oscillations

We set  and consider

Discussion:

By Section 3.4, the complementary function is

  where .

Assume . we want to find a particular solution  of Eq(1).

Assume  then

  the last equation is from the fact that 

.

Thus 

Therefore the general solution

So  is a superposition of two oscillations.

 



Example 1  Express the solution of the given initial value problem as a sum of two oscillations. Graph the 
solution function  in such a way that you can identify and label its period.

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ANS : • Find ✗
c. r -1-25=0 ⇒ r=±5i

✗ a = C , cosset -1 Cinhst
→

Xp'= -2A sinzt

- Find xp .

Assume xp = A cosset . .
then xp"=4Acos2t .

Xp
"

-125 Xp = f- 4A -125A) cosset = 9ws2t
⇒ 21A = 9 ⇒ A-- 3-

• Use the initial value to find ✗ Ct)

✗ It )= Xct Xp = C , cos sit 1-Goinst + f- coszt
As ✗ 103=0 . ✗ to >= C , -1 3- =o ⇒ C , = - §
As ✗

'

101=0 , X'(f) = -5- asinst + sic, cosset - G- aint
co )=fCz=O ⇒Cz

Rmk : In gene
at

.

if c. 1=0 . we need
to rewrite × .

Thus ✗ It )= - 3- cost + 3- cost . as the form
which is a sum of two oscillations .

✗ , = ccoscwot
- ✗)



 

Damped Forced Oscillations

transient solution ,     as .
steady periodic solution 

Example 2 Find the steady periodic solution  of the given equation 
 with periodic forcing function  of frequency . Then graph  together with 

(for comparison) the adjusted forcing function .

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The period T of ✗ it ] is the least common mutiple of the

periods of the two oscillations . }I- and ¥1 ,

which is

29
,

→ Xp

m=1
Fo = 82

C = 2
-

ANS : Assume Xp = Aws 4T + Barin 4T .

12=26

Xp
'

=
- 4A sin 4T -14 Bwsqt

W=4

Xp
"

= - 16A cos 4T - 1613 sin 4T

Then
xp
"
+ zxp

'

-126Xp =
- 16A cost t - 1613 sin 4T

+21-4Asin 41--1413 cos 4T)

-126 (Aco sat + Bah4T )
= 82 cos 4T B

⇒

{
10A -1813=82 d

B.=q
.

Then ✗
sp
-

- Xp = cos 4T -144in4£
.

-8A -1/0,3=0
⇒ {

A=s-

Cws (wt - X )

^

- c=FÉ=f, Then ✗
sp
=fit cos (41--0.6747)13=4 13=4 tan ✗ = §

It is >
A- 5 ✗ = arctan¥

F. =
F

A 0.6747 MW

=
82 cos 4T

1- 4

= ¥ cos 4T



 

Example 3 Find and plot both the steady periodic solution  of the given differential 
equation and the actual solution  that satisfies the given initial conditions.

 

 

 

 

 

 

 

 

 

 

 

 

 

ANS : By Example , ✗spit)=×p=5cos4tt4sin4t .

Now we find Xtrct ) = Xclt )
.

jdtzr -126=0

⇒
r =

-2+-71-4×56
2

=

-2=1%0
2

= -1-1-5i

✗it > = e-
+
Cc , asst 1- c. sins- t )

Now ✗ It )= ✗alt ) -1 Xp It)
⇒ ✗ It) = e-

+
( c. cosset -1 Gainft ) -151%41--14sin4T



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

As ✗ 101=6
.

X' (03=0
.

C. =L and G= -3

Thus ✗ c.
= e-tlcosft - 3sintt )
cétcoslst -a)

A A=1
.

B. =-3

2=21-1-B
✗

A=y
tan f- 7- =3

→É
113=-3 P=arctan3

13=-3 - ( 1 SO 2=21-1- arctan }
v

c=JÉB=[ 15.0341

Thus

xcti-r-e-ts.s-E.EE#Et-0-4Dy/Xsp
Xlt )



Example 4 The following question gives the parameters for a forced mass–spring–dashpot system with 
equation . Investigate the possibility of practical resonance of this system. In 
particular, find the amplitude  of steady periodic forced oscillations with frequency .
Sketch the graph of  and find the practical resonance frequency  (if any).

(a) 

(b)  . (exercise)

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Ixp

The maximal value of ( Iw)
of Xp This may not exist .

ANS : We have

✗
"

t 2×1-1267=82 coswt .

Assume xp = A coswt + Bsinwt .

then

Xp
'

= - Awsinwt -1 Bwcoswt

Xp
"

= - Awzcoswt - But arhwt

Then
- Awzcoswt -Burnin wt -12 1- Awsinwtt Bwcoswt ,

+ 26 (Acoswt + Bsrhwt ) = 82 cos wt

{
C- W
'

-126 I -1213=82 A# -
821-26-1W"

W
"-48046-76

⇒ | Btw)= 164 W

-211W 1- Bf-W't 261=0 W
"-480-167

⇒ c-JAFÉ

82
⇒ Ccw
)=JÉ6Ñ

Then we graph the function Ccw )
.

By
the graph ,

we know that the piratical resource occurs when

-164 WLWZ24)
(
'

( ou )=o .

Let = 0 ⇒ C'(w ) =
(w 4- 48W46¥

= °

⇒ w=o or w= -1-524
.

Then Cmax = CÑ4 ) =¥÷É+, = - '
'



(b)  . (exercise)

 

 

 

 

 

 

 

 

 

 

You can also use the formula KD

directly from the book
.

So

Fo

Note
at this pt .

clwt-FW-WJ.cl
( W)

= °

,

82
=

Éw

We have
✗
"

+ 2x
'

-12 ✗ = Zcoswt

Assume
xp

-

- Acoswt + Bahwt

Then

Xp
"

-12 Xp
'

-12 Xp
= Zcoswt

⇒

{
( 2-WYA -12W 13=2 A=¥+%,

⇒ {→WAT G- w')B=o B-- ¥-4
Then

ccw ,=nAÉ =

2

NET
with Clo> =L

.



( (w ) is a decreasing function .

Thus there is no piratical resonance


