3.6 Forced Oscillations and Resonance
In this section, we will talk about the systems with forced oscillations.
We have the differential equation

mz" + cx' + kz = F(t)
with

F(t) = Fycoswt or F(t) = Fysinwt

where the constant Fj is the amplitude of the periodic force and w is its circular frequency.
Undamped Forced Oscillations
We set ¢ = 0 and consider

mz” + kx = Fj coswt
Discussion:

e By Section 3.4, the complementary function is

T, = €1 cos wyt + co sin wyt,

where wy = \/% = k= wim.

e Assumewg # w.we want to find a particular solution z,, of Eq(1).

e Assumez, = Acoswt, =z, = — Aw? cos wt then
ma, + kx, = — Amw? cos wt + kA coswt = Fyy cos wt
Fy B Fy/m the last equation is from the fact that
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k= wim.
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kE — mw? wi — w?

e Thus

Fo/m

2,2
wy w

Ty, = cos wt.

e Therefore the general solution

) Fy/m
z(t) = @c(t) + p(t) = c1 coswot + ¢z sinwgt + ————cos wi
wp — w

Fy/m
=z(t) = C cos (wot — o) + ;)—/coswt
wj — w?

e So z(t) is a superposition of two oscillations.



Example 1 Express the solution of the given initial value problem as a sum of two oscillations. Graph the
solution function z(t) in such a way that you can identify and label its period.

z" + 25z = 9 cos 2t; z(0)=0, z'(0)=0
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Damped Forced Oscillations -
ma” + cz’ + kx = Fy cos wt

e transient solution z,(t) = z.(t), z.(t) — 0ast — oo.
e steady periodic solution x4, (t) = z,(t)

?
Example 2 Find the steady periodic solution s, = C cos (wt — ) of the given equation
maz" + cx' + kx = F(t) with periodic forcing function F'(t) of frequency w. Then graph x,(t) together with
(for comparison) the adjusted forcing function F (t) = F(t)/muw. m=1
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Example 3 Find and plot both the steady periodic solution s, = C' cos (wt — «) of the given differential
equation and the actual solution z(t) = x4, (t) + 4 (¢) that satisfies the given initial conditions.

z" + 22" + 26x = 82 cos 4t; z(0) =6, =z'(0)=0
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Example 4 The following question gives the parameters for a forced mass-spring-dashpot system with
equation mz” + cz’ + kx = F| cos wt. Investigate the possibility of practical resonance of this system. In
particular, find the amplitude C(w) of steady periodic forced oscillations with fréGuency w.

Sketch the graph of C(w) and find the practical resonaﬁce frequency w (if any).
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Plot of amplitude C versus external frequency w
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in Eq. (17). When we do this, collect terms, and equate coefficients of cosw? and
sinwt, we obtain the two equations
(k —mw*)A + cwB = Fy, —cwA+ (k —mw?)B =0 (18)
that we solve without difficulty for
(k —mw?) Fy coFy
1= . B= (19
6 A= T moE 1 o k=ma?? + (co)? :
If we write
coswt + Bsinwt = C(coswt cose + sinwt sina) = C cos(wf —a)
as usual, we see that the resulting steady periodic oscillation
xp(t) = C cos(t —a) (20)
has amplitude
B
F,
C=Va21p2= o @n

(b) m=1,c= 2,k =2, Fy = 2. (exercise)
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Now (19) implies that sina = B/C > 0, so it follows that the phase angle « lies in
the first or second quadrant. Thus
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