
3.5 Nonhomogeneous Equations and Undetermined Coefficients  

Consider the general nonhomogeneous th-order linear equation with constant coefficients

A general solution of Eq.(1) has the form

where the complementary function  is a general solution of the associated homogeneous equation 

and  is a particular solution of Eq. (1).

 

Method of Undetermined Coefficients

Example 1 Find a general solution  of the given equation. (  is a polynomial.)

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

☒

ANS: We have

y= yctyp .

Where yo is a general solution

to y "+4y=o .
and Yp

is a particular solution to ☒ .

• Find Yo .

The char .
egn

. is r't 4=0 ⇒ r=±zi

Yo = C , cos 2x + Gain2x

- Find Yp . Guess Yp=A×4B× -1C .

Thus the general solution
Yp

'

= 2 Ax -113
is
ya)

= Yet YpYp
"

= 2A .

= C, cosh -1C, sin 2 ✗
We have yp

"

-14 Yp = 3×2
⇒ 2A -1 411-1×413×-1 c) = 3×2

+¥×" }
.

⇒ 41-1×4413×-1 GA-147=3×2

⇒ {
A- ¥

13=0⇒ {I¥*¥o no yp=¥i -8
.

C = - £8
.



Exercise 2 Find a particular solution  of the given equation. (  is an exponential fuction .)

Hint: Try  and solve for .

 

 

 

 

 

 

 

 

 

 

Example 3 Find a particular solution  of the given equation. (  is  or .)

 

 

 

 

 

 

 

 

 

 

 

 

 

→

⇒ A : - ±

ANS : We guess ypixi
= Ae
"

.

Then yp'=2Ae%Yp"=4Ae
"

Then
typ
"
-

3yp
'
-

4Yp=3e
"

⇒ 41*-6Ae" - 4Ae =3 e"

⇒ -6A =3 ⇒ A = - ±
.

Thus
yp =

- Ie
"

ANS : We try yp= Aahx + Bcosx

Yp
'

= Acosx - Bain ✗

Yp
"

=
- Asim - B cosx

Then
typ
"
- 3yp

'
- 4yp= C- Asinx

- Boosh - 3 (Acosx- Bsinx]

- 4CAsin✗ + Bcosx)

= ( -A -1313- 4A I win ✗ 1- C- B- 3A -4B) cost
= zsinx

⇒

g-
5A-1313=2

⇒ {
A= -¥ Thus

-513-34=0 D= &
.

'

yp=
- Iain ✗ + G- cosx



Example 4 Find a particular solution  of the given equation. (  is  or )

 

 

 

 

 

 

 

 

 

 

 

Example 5 Find a particular solution  of the given equation. (  is a combination)

 

 

 

 

 

 

 

 

 

 

 

 

 

ANS : We try yp= Aécoszx + Bésinzx
.

Yp
'

= A ( écoszx -20min2×7-1 Bléainzx + Zécoszx)

= (A -1213 ) écoszx + C-2A + B) ésinzx

Yp
"

= (-34--1413) écoszx 1- c- 4A -3 B)éainzx

Now .

we have

-8e×cos2x = Gp
"
-

3Yp
'

-

4yp
=L-3A -14B) écoszx 1- C- 4A -3 B)éainzx
-3µA -1213 ) écoszx + C-2A + B) ésinzx]
- 4 [Aécoszx + Bésinzx ]

{
10A-1213=8

2A . ,opg=o
⇒ {

+1=1%3 Thus Yp= zeYos2× -1,3 ésinzx
13=413

.

f. in t.ii-fj.ca"

ANS : We can split the eqn into 3 eqns .

y
"
-

3g
'
-

4Y=3e
"

= fix ,

Y
"
- 3Y

'

-4g
= Zain ✗ = f. ex ,

y
"

-3g
'

-4g = - 8Écosz×= fscx)

Then by Ex
.

2- 4 .
we have

Yp =
- Iet - F-sin ✗+f- cos✗ + écoszx +%e×ahz×



The Case of Duplication

Example 6 Find a particular solution of .

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In general, we have the following:

If the function  is of either form of , , we can assume

where s is the smallest nonnegative integer such that no term in  duplicates a term in the complementary 
function .

 

 

 

This is the case that fix is

a solution to
the

corresponding homogenous

?⃝
fan

eqn .

ANS : If we try yé#p= ,
then if "p=4Ae

"

Then
yp
"
- 4yp=4Ae

"
- 4A e'

✗

= 0 =/ 2e
"

The reason is
The char

. eqn for the homogeneous part y
"
-

4y=o .

is

f- 4=0 ⇒ r= -12
.

Then Alf is a solution to
y
"

-

4y=o .

We try gp = Ase
"

,
then yp

'

= Ale
"

+zxe
"

)

Yp
"
= 2Ae"t2A(e"t2×e

"

) = 4Aé×+ 4Axe
"

Then tfp
"
-

4Yp = 4Ae'+4T¥- 4Axe = Ze"

⇒ 41-1=2 ⇒ A =L
.

Thus
yp = Exe

"

Polynomial
4
-
-



Summary  

We summarize the steps of finding the solution of an initial value problem consisting of a nonhomogeneous 
equation of the form

where  are constants, together with a given set of initial conditions:

1. Find the general solution of the corresponding homogeneous equation.

2. Make sure that function  in Eq. (2) belongs to the class of functions discussed above; that is, be sure it 
involves nothing more than exponential functions, sines, cosines, polynomials, or sums or products of 
such functions. If this is not the case, use the method of variation of parameters (discussed in the 
following part of this section).

3. If , that is, if  is a sum of  terms, then form  subproblems, each of 
which contains only one of the terms . The th subproblem consists of the equation 

               

where i runs from  to . ( )

4. For the th subproblem assume a particular solution  consisting of the appropriate exponential 
function, sine, cosine, polynomial, or combination thereof. If there is any duplication in the assumed form 
of  with the solutions of the homogeneous equation (found in step 1), then multiply  by , or 
(if necessary) by , so as to remove the duplication.  ( ) 

5. Find a particular solution  for each of the subproblems. Then the sum 
 is a particular solution of the full nonhomogeneous Eq (2).

6. Form the sum of the general solution of the homogeneous equation (step 1) and the particular solution of 
the nonhomogeneous equation (step 5). This is the general solution of the nonhomogeneous equation.

7. Use the initial conditions to determine the values of the arbitrary constants remaining in the general 
solution.

 

 

 

( Reading )

ay
"

+ by
'

-1cg
-

- o



Example 7 Set up the appropriate form of a particular solution , but do not determine the values of the 
coefficients.

(a)    

 

 

 

 

 

 

 

 

 

 

 

(b)  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2
sinh✗ =

E- e-
×

coshx =
e'
'

+ e-
✗

2

= e"-f = Ie
"
- tzé
"

= f.☒ + fix )
ANS : Notice that the char

.

egn
. for the corresponding homogeneous eqn

is F- 4=0 ⇒ r= -12
.

Thus

Yo = C, e-
✗
+ cze→×

Thus

yp = Axe
"

t Bxé
"

T 7-
since e
"

since e-
"

appears
once in appears

once in Yc
Yc

g.
polynomials

= ✗ e-
✗
- Ñé" = fix , + fix]- -

ANS : The char
.

eqn . for the homogenous part is

y43r -12=0

⇒ @+ 1) (r-121=0
⇒ r= - l or r=-2

Thus
g. = c. e-

✗

+ c. e-
*

Thus we assume corresponds
to f. '⇒ = -Xé

"

corresponds
to fix)

= ✗ e-
✗

yp= xTAx+ÑE+ Écc×+hé#
IT FT

since
from from ¥é

"

since

e-
✗ appears

once
in Yc e-

"

appears
once in Yc



(c) (Exercise)  

 

 

 

 

 

 

 

 

 

(d) (Similar to online HW 18. Q9. Note it is a case of duplication)

Note this is the case when we have

1.  for the characteristic equation.
2.  is a polynomial .

 

 

 

 

 

 

 

 

 

 

 

 

 

 

n r

gift
.

= f. 4) 1- fix
ANS : The char

. eqn . is

G- 25 (v49 ) = 0
⇒ r = 2,2 , 2

,

Bi
,

- 35
.

Then go = latch
1- ↳ E) e-

✗

+ Caicos 3×-1 G-sin 3✗

• Consider f. 4) = ✗
'

e
"

. We assume

Yp1C✗)= ÑA×4B×+gez×→
from

✗

7

since e
"

appears 3 times in

yo .

• Consider fix = ✗ sin 3× We assume .

→ from ⑦
sink

Ypzcx) = ¥ ( DX -1 E) cos 3×-1 ✗ Cfxt G) sink

since sink appears

Thus Ypa )=×3lAx4B×t c) e
"

-1×112×-1=21053×-1×17×-1G)sink

3×2-1 is a solution to

y
's>
+ zy

' "

-12g
"

= 0

Try yp=Ax4B×tc and plug into the
egn .

This won't work
.

¥
"

g
'

ANS : The char
. eqn for the homogeneous part is

v5-12Mt 25=0
-

⇒ g- ( v3-1 Zr -12 ) = 0
⇒ r=o Hwice)

The part in yo corresponds to r=O is ⑥tax)e° Gtczx

This means
any function of the form C.tax will to

a solution for the homogeneous part .

So we assume

Yp=€Ax4Bx + c)



 

Variation of Parameters

THEOREM 1 Variation of Parameters

 If the nonhomogeneous equation  has complementary function 
, then a particular solution is given by 

 where  is the Wronskian of the two independent solutions  and  of the associated 
homogeneous equation.

 

 

 

Example 8 Use the method of variation of parameters to find a particular solution of the tiven differential 
equation.

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

proof of this
Pig} -194

If we write U ,
= - J Yilxlfcx

)

WH)
DX

,
Use = JY ,

/⇒ fix)
Wcxj

DX
.

Then Gp = UIY ,
-1 hiya .

= 2-¥31

ANS : First , let's find y ,
and if. .

The char . eqn is it 9=0 ⇒ r=±3i .
Yin

Then Yo = c. Y ,
1- ay , = c. cos3×-1 c. sYÉ3x

Then
= 3053×-13sin'3×

W'⇒ = wcyi.gs =/ Yy; Yy:/ =/
"" ✗ ahh

-3Ñn3x 3 cossx
=3

We have

W ,
= - g Yi#

"

d× =
É

d ✗ = -ZzftanzxdxWas 3

= - 4- ftan3×d3× = & In / cos 3×1

Jtantdt = - In /cost /dttc

llslx)= f Yik
) fix,
wa,

d× = JOSH '£¥±d✗= Igfdx = }x3



So Yp = U . Y ,
1- Uiy, = § cos 3✗ In /cos3×1-1 Is ✗ . sin 3x

Y "" Ye + Yp



 

Non-homogeneous Euler Equation

Example 9 In the following question, a nonhomogeneous second-order linear equation and a complementary 
function  are given. Find a particular solution of the equation.

 

 

 

 

 

 

 

 

Yp YsY '

y
= c.¥-1 Czilnx

ANS : standard form : y
"
- ¥ y

'
-1 ¥y= É =fi⇒

Ya = Icc , -1 C. lnx ) = C. It Cziilnx = GY ,
1- Calf ,

Then
Wcx]=/

Y ' Ya

gig; / =/
* *" ✗

| = 2Éx+K#n×2X 2×14×-1 X
= ✗

3

Then
Uih ) = - ftp.t#fMdx=-fk4nx-X-dxWas ✗3

Judv = uv - fvdu
= -

fx.tn#dx---IJln*dxa/---I(x4nx-fx-d1nx]
= - I [×4n× - J ✗ dx )
= - ±[x4nx - Ii]
= - £×4nx -14×2

Nak)= JY.li) fix)Wix,
dx =/ ×

? ✗
2

✗ 3
DX = fxdx

= 1-2×2



Thus
yp = my ,

1- half .
= tnx -14×7 + £x?x4

⇒ Gp = 4×4


