3.3 Homogeneous Equations with Constant Coefficients

Review: Recall in Section 3.1, we talked about
2nd-order homogeneous equations with constant coefficients of the following form

ay’ +by +cy=0
To solve for y, we first solve for r from the characteristic equation
ar’ +br+c=0,

—b+ Vb2 — 4ac

2a

Case 1.7y, 79 arereal and 71 # 79 (b2 — 4ac > 0):

which has roots 1,72 =

General solution: y = c1e"* + cqe™*
Case 2.7y, ryarerealand ri = ry (b? — 4ac = 0):
General solution: y = (¢1 + coz)e™?
Case 3. 11, ry are complex numbers (b2 — 4ac < 0): (Not covered in Section 3.1 and 3.2)
We can writer1 2 = A + Bi.
Aa:(

General solution: y = e**(c; cos Bx + ¢ sin Bx)

In this lecture, we will discuss how to solve the general homogeneous equations with constant coefficients

of the form

any(”) + an—ly(nfl) +-t+ay a1y +ay=0

Similar to 2nd-order homogeneous equations, we look at the corresponding characteristic equation:

A+ ap 1" Pt ar’ +ar+ag=0
We have 3 cases of the roots for Eq (2).

1. Distinct real roots
2. Repected real roots
3. Complex roots

o distinct
o repeated



Case 1. Distinct Real Roots

If the roots 71,79, - - -, 7, of Eq(2) are real and distinct, then

y(x) = c1e™% 4 coe™® + - - - + cpe’”

Example 1 Find the general solution to the given differential equation.
y® — 7y 112y =0
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Case 2. Repeated Real Roots

If Eq (2) has repeated root r with multiplicty k, then the part of a general solution of Eq(1) corresponds
toris

(c1 + cox + 03332 S Ckxk_l)e”

Example 2 Find a general solution the differential equation.
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Euler's Formula for Complex Numbers <
P A l—l

e Euler's formula: € = cos @ + isinf

Im , e'®=cose + ising
[

sin

0| cose 1 Re

o c”=¢e"" = ¢e%e" = e*(cosy + isiny), where z = & + iy is any complex number.

Case 3. Complex Roots

Unrepeated complex roots: If 71 2 = A &+ Bi are roots of the characteristic equation, then the
corresponding part to the general solution

Y= eAm(C1 cos Bz + ¢y sin Bx)

Remark: We have the above formula since
y(z) = C1e"® + Coe™”
_ Cle(A+Bi)z + Cze(A—Bi)x — CleAzeBim + C2eAxe—Bix

= C1e“" - (cos Bz + isin Bx) + Cye?” (cos Bx — isin Bz)
= e4? [(Cy + C3) cos Bz + i (Cy — C3) sin Bz

= e4%(cy cos Bz + ¢y sin Bz)

Example 3 Find the general solutions of the differential equation.

3y + 7y + 4y =0
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Repeated complex roots
If the conjugate pair a & bi has multiplicity k, then the corresponding part of the general solution has the

form
(Al + Asx + -+ Akxkfl) (a+bi)x + (Bl +Byx + -+ kak‘*l)e(afbi)m

= Z ~5 zPe™ (¢, cos b + d, sin bz)

Example 4 In the following question, one solution of the differential equation is given. Find the general

solution.
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Exercise 5 Find general solutions of the equations in the following question. First find a small integral root of
the characteristic equation by inspection; then factor by division.

v+ oy -2y =0
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Euler equations

According to our handwritten HW#5 Problem 51 in Section 3.1, the substitution v = Inz(z > 0) transforms
the second-order Euler equation amz "4 b:L'y + cy = 0 to a constant-coefficient homogeneous linear
equation. Similarly, the same substitution transforms the third-order Euler equation

az3y" + b’y + cxy’ +dy =0

(where a, b, ¢, d are constants) into the constant-coefficient equation

d’y d*y dy
— b—3a)— —b+2a)— +dy=0
adv3+( )d2+(c +a)dv+y
Example 6 Use substitution v = In x from above to find general solutions (for z > 0) of the following Euler
equation.
o=1, b=-3, ¢c=1, d=0
3 " 3x2y" —I—azy =0
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