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1. Linearly Independent Solutions  

1.1. Definition of linearly dependent/independent  

The  functions  are said to be linearly dependent  on the interval  if there exist constants 
 not all zero such that 

for all  in .

The  functions  are said to be linearly independent on the interval  if they are not linearly 
dependent.  Equivalently, they are linearly independent on  if

holds on  only when 

 

 

 

 

 

 

 

 

 



Example 1 Show directly that the given functions are linearly dependent on the real line.

(1)  

(2)   (exercise)

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ANS : We need to find Ci
,
Cz

,
G not all zeros

.
such

that
Zcosdx = cos 2×1-1

C.fix ) -1 Cag 1×3 + ↳ hcx > = 0
=

⇒ C ,
-3 1- G. (2*4) -1 Cs - c# = 0

⇒ 3C , t Cz . cos 2×-1 Ca t Cz - Cos 2x = 0

⇒ (3C ,
1- cz ) + ( cat Cs ) - cos 2-1=0

We need }3citcz=oCat cz =O

- Let c. = 1 , then (3 = - l
,

C ,
= - §

fix) gcx) hex)
Thus t tr b

- § - 3 1- 1- Zoos> ✗ - I - cos 2-1=0

i. e.
- 1-3 . fix, + f- gcx )

- I - hex] = 0

Thus fcxi , gcx) , hcx ) are linearly dependent .



1.2. Wronskian of  functions  

Suppose that the  functions  are all  times differentiable. Then their Wronskian is the 
 determinant

The Wronskian of  linearly dependent functions  is identically zero.

Idea of the proof:

We show for the case . The case for general  is similar.

If  and  are linearly dependent, then   has nontrivial solutions for  and 
 (  and  are not all zeros).

We also have  from .

Thus we have the linear system of equations

By a theorem in linear algebra, the above system of equations has nontrivial solutions if and only if 

So to show that the functions  are linearly independent on the interval , it suffices to 
show that their Wronskian is nonzero at just one point of .

 

 

 

 

 

 

 

 

 

 



 

Example 2 Use the Wronskian to prove that the given functions are linearly independent on the indicated 
interval.

Remark:   matrix determinant:

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ANS : By the previous page , we know it suffices to show that

wcf.g.tn ) -1-0 at just one point on the real line
.

=

ex cos × sinx

Wcf. g. 2) =
f g

h

ex -a'nx cos ✗

f
'

g
' h

'

ex - cosx -sin-1

f
"

g
" h

"

= e? f-
sin cosx

ex -sin, / + six /
ex - sin,

- cosx -gin, / - cos ✗ /
ex cos ×

et - eosx /
= é (ain) - cosxféainx - écosx ) tsinxfeicosxtéainx
=é+éÉ+e ✗ -és×+e✗u
= 20 is never zero on the real line

,

=/ 0

So fan . gin , hex) are linearly independent .



2. nth-order linear differential equation  

The general nth-order linear differential equation is of the form

We  assume that the coefficient functions  and  are continuous on some open interval .

2.1 homogeneous linear equation  

Similar to Section 3.1, we consider the homogeneous linear equation

 

Let  be  solutions of the homogeneous linear equation (1)  on the interval I. If  are 
constants, then the linear combination 

 is also a solution of Eq. (1) on .

 

 

Let  be  linearly independent solutions of the homogeneous equation 

on an open interval I where the  are continuous. If  is any solution of Eq. (1), then there exist numbers 
 such that 

for all  in .

 

 

 

 

 

 



Example 3 In the following question, a third-order homogeneous linear equation and three linearly 
independent solutions are given. Find a particular solution satisfying the given initial conditions.

   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ANS : By -1hm 4, we know

YH ) = City ,
-1 Czyz 1- C } Y }

is a general solution .
i. e.

YCX ) = C , ✗ 1- czx-2-16×-2/n×

Since yet )= 1 ,

yet )= C , t Cz 1- G-#
°

= at Ca = 1

Since Y' (1) =5,

Y'1×1=4
- -26×-3 + Cs (-2×-3 /nx + ✗

→

)

Y'(1) = C , -2 Cz -163-1 = 5

= Ci -2C, -113=5

Since y
"

(1) = -11

Y'4×3=6GX
- "
+ ↳ ( 6×-44×-2×-4 - 3×-47

= 66×-4+616×-4 /nx -5×-4 )

Y'
'

(1) = Gcz -55=-11

⇒ c. = 1- Cz

G- 2Gt C} = 5-←

so

÷:* ⇒ { (-3645--4)×2Gcz -5C}= -11
⇒ -3C } =-3



⇒ G-- I

-3 Cat 1=4 ⇒ Cz = - I

C , = 1- Cz = 1- C- 1) = 2 .

Thus
y = 2x - ✗

-2 -1×-2 /nx is a particular solution

of the given initial value problem .



The method of reduction of order  

Suppose that one solution  of the homogeneous second-order linear differential equation 

is known (on an interval  where  and  are continuous functions). The method of reduction of order 
consists of substituting  in (3) and determine the function  so that  is a second 
linearly independent solution of (2). 

After substituting  in Eq. (3), use the fact that  is a solution. We can deduce that 

We can solve this for  to find the solution  of equation (3).

Example 4 Consider the equation

Notice that  is a solution. Subsitute  and deduce that . Solve this equation 
and obtain the second solution .
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ANS : We write the given equation in the form of Egg3) .

y
"

- E-y
' -1¥ y=o ☒

Let y, = Vy ,
= vi.

YI = + 3v

YE =V3É + 3V'i+6
= v

"

✗3-1 6 v ' ✗4 6×V

Plug them into ☒

Iv"×
>
+ bv'T + bxu ) - ¥ (✓✗3+30×2 ) + 9-+2×3=0

⇒ v"×3+6v+ 6.✗u - 5¥
'
- 15 v ✗ + 9.vx = 0

⇒ ✓
'

×
>
+v15 = 0

⇒ ✓
"

✗ + v
'
= 0



Let u=v
'

,
then u"=u

'

.

thus

n'✗+ U=0 ⇒ d¥×+u= 0

⇒ II. ✗ = - u ⇒ Joke = - J
⇒ lnlul = - lnlxltc

⇒ u .= c. e-
"✗

= ¥

¥×=v'=u=¥
⇒ §¥ = ¥ ⇒ vex )= C. In ✗ 1- Cz

Let cr-1.cz =0 , then Vix ) = In ✗

Thus Yak)= VCXIY.ly/--x3/nx



2.2. Nonhomogeneous Equations  

Now we consider the nonhomogeneous nth-order linear differential equation

with associated homogeneous equation

 

Let  be a particular solution of the nonhomogeneous equation in (4) on an open interval  where the 
functions  and  are continuous. Let  be linearly independent solutions of the associated 
homogeneous equation in (5). If Y is any solution whatsoever of Eq. (4) on I, then there exist numbers 

 such that 

for all  in .    
    

    

Exercise 5 Notice that  is a particular solution of the equation

and that  is its complementary solution. Find a solution of the given equation 
that satisfies the initial conditions .   
    

 

 

 

 

 

 

 

 

 

 

ANS : By Thm5 , we have

YCX)= Yet Yp = C,
cos 2×-1 Czsrhzx -13 ✗

is a general solution

since ye 07=5 .

YCO )
= C ,

= 5

Since Y'CX)= -2C, sin2×-1 Zczcoszx -13

Y'101=241-3--7 ⇒ C > =z

Thus

yet)= 50052×-1 Zsrhzx
-13 ✗


