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1. Definition of second-order linear equations  

A linear second-order equation can be written in the form

We assume that  and  are continuous functions on some open interval .

For example, 

is linear because the dependent variable  and its derivatives  and  appear linearly.

 

The equations 

are not linear because products and powers of  or its derivatives appear.

 

 

 

 

 

 

 

 

 

 



2. Homogeneous Second-Order Linear Equations  

If the function  on the right-hand side of Eq. , then we call Eq.  a homogeneous linear 
equation; otherwise, it is nonhomogeneous. In general, the homogeneous linear equation associated with Eq. 

 is

For example, the second-order equation 

is nonhomogeneous; its associated homogeneous equation is 

Consider 

Assume that  at each point of the open interval ,  we can divide each term in Eq. (1) by  and 
write it in the form

We will discuss first the associated homogeneous equation

 

 

 

 

 

 

 

 

 

 

 



 

Let  and  be two solutions of the homogeneous linear equation in Eq.  on the interval . If and 
 are constants, then the linear combination 

is also a solution of Eq.  on .

 

Application of Theorem 1. In Examples 1 and Exercise 2, a homogeneous second-order linear differential 
equation, two functions  and , and a pair of initial conditions are given. First verify that  and  are 
solutions of the differential equation. Then find a particular solution of the form  that satisfies 
the given initial conditions.

Example 1
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ANS : If y ,=e× ,
then Yi =e× , y ,"=é

y ,

"

-3g .

'

-12g ,

= é -30+20=0

So y ,
is a solution

If Yee
"

.
then yi=2e

"

, ya"=4e
"

Yi- 3yit2yz=4e
"
- be
"

-1 ze
"

= o

So if , is also a solution
.

By Theorem 1. we know

if = c. Y , -1 Cry, = Get -1 Cze
"

is also a solution of ☒

Since Yeo> =L . Y'107=7

Yeo )= C. e° -1 Ge
"

= C. 1- c.=L C. = -5

Y'ex ) = Get -1 Zcze
"

Y'co >= c. e°+zae"=c,+zc-} ⇒ {c. =6



Exercise 2

          

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Thus ycx) = -50+6 e
"

☒

ANS :
-

If y ,
:X

,
then if '=1 . Y

"
= 0

i 1

Then ×
?

if ,
"

- 2xY ,

'

-12g ,
= ×

'
- O - 2×-1 + 2X = 0

Thus y ,
is a solution for ☒ .

Ifyii , then Yi
-

- 2x
, Yi

'
= 2

.

Then ×?yi
'

- 2x - Yi -12
-

Yz
= × ? 2 -2×-2×-12×2=0

Thus y , is
a solution for ☒ .

By thm1 . if -_ c. if ,
-1 Caya is a solution for ☒

= C, ✗ + G. X
'

.

Since yet ) =3 , Yet / = Cit Ca =3

Since Y'(1) i Y' CX) = C. 1- 2Cz✗ , Y'(1) = C
, -124=1

{
Gtc , =3

C.-124=1
⇒ {

4=5

Cz= - 2

Thus
ya)
: 5×-2×2 is a particular solution for the

given
initial value problem .



Suppose that the functions , , and  are continuous on the open interval  containing the point . Then, 
given any two numbers  and , the equation 

                   

has a unique (that is, one and only one) solution on the entire interval  that satisfies the initial conditions 

                    

 

 

3. Linear Independence of Two Functions  

Two functions defined on an open interval  are said to be linearly independent on  if neither is a constant 
multiple of the other. Two functions are said to be linearly dependent on an open interval if one of them is a 
constant multiple of the other.

For example, the following pairs of functions are linearly independent on the entire real line

                      and 

                      and   

                      and       

The functions  and  are linearly dependent.

 

We can compute the of two functions to determine if they are linearly independent (or 
dependent).

Given two functions  and , the  of  and  is the determinant

                  

For example,

               

and

                  .

 

 

I. = ✗ . Ya -_ 5-✗
, y ,

and ya are linearly dependent
a

since

yi-s-Y.us#fcx7--2srnxcos---2gcx
)



 

Suppose that and  are two solutions of the homogeneous second-order linear equation Eq. 

                   

on an open interval  on which  and  are continuous.
(a) If and are linearly dependent, then  on .
(b) If and  are linearly independent, then  at each point of .

 

 

 

 

 

 

 

 

Let  and  be two linearly independent solutions of the homogeneous equation Eq. 

with  and  continuous on the open interval . If  is any solution whatsoever of Eq.  on , then 
there exist numbers  and  such that 

for all  in .
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4. Linear Second-Order Equations with Constant Coefficients  

Let's discuss how to solve the homogeneous second-order linear differential equation

with constant coefficients , , and .

Consider a function of the form . Observe that 

             

This suggest that we can try to find  such that when we substitute ,  and  into Eq. , we will get zero on 
the left hand-side.  

Example 3 Find the values of  such that  is a solution of the given differential equation.

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

aren't bré*+ce"=er×(ar4br + c) =o⇒ai+br+c=o

ANS : If yi×i=é×, then Y'= re
"

, y
"=ié×

So we need to find r such that

Fent 2rem -15 e'
✗

= 0

⇒ em ( iftar -15 ) = 0
Note e
"

-1-0 for any ×
.

So we have

v42 r - 15=0 ( characteristic eqn )
⇒ (r +5)Cr - 31=0 ⇒ r=-5 or r =3

.

So

if ,=é
"

and ya : e
"
are solutions of the given eqn.Yi

y Y 2

Note y ,

and y . are linearly independent .

By -1hm 4. ycxt-c.y.tc.yz-c.ee -5×-1 he
"

s

is general solution ,
where c, and Ca are

constants
.



In general, we subsititute  in Eq. . Then 

Since  is never zero. We conclude  will satisfy the differential equation in Eq.  precisely when  is 
a root of the algebraic equation

This quadratic equation is called the characteristic equation of the homogeneous linear differential equation

If Eq.  has distinct (unequal) roots  and , then the corresponding solutions  and 
 of  Eq. .  are linearly independent. Why?

 

 

If the roots  and  of the characteristic equation in Eq.  are real and distinct, then 

is a general solution of Eq. .

 

Example 4 

Find general solutions of the given differential equations.

 

 

 

 

 

 

 

 

 

By looking at their graph or computing Wly . . g.) fto)

☒

ANS : The corresponding ohar
.

efn
is

it 4r -14=0
⇒ ( r -125=0 ⇒ r, = v. = -2

So y ,=e"×=e"×=é
"

is a solution to ☒
.

How do we find another solution g- such that y , def
are linearly independent ?
Let's check if G. = ✗e-

"

f- ✗g.) works
.



 

 

 

 

 

 

 

 

 

 

 

In general, we have the following theorem if .

If the characteristic equation in Eq.   has equal (necessarily real) roots , then,

is a general solution of Eq. .

 

Example 5

Find general solutions of the given differential equations.

(1) 

(2)  (exercise)

 

 

 

 

 

 

 

 

y! -_×( e-
")

'

= ✗ (é
"

)'t K) 'é
"

= ⇒ ✗e-
"

+ é
"

Yi = -zé
"

+ 4×é
"
→é
"

= - 4E
"
+ ¢×é
"

Yi
'

-14yd-14g ,= -40+4 ✗ e-2×+41-2
✗ e-
"
+ e-
"

It 4×e→×

= 0

So tf, = ✗ é
"
is a solution

.

And if ,=é
"

and if,=xé
"

are linearly independent .

By Thm 4
. Ya )=ay ,

-1 Czyz ⇒ yixkfa-c.pe
"

is a general solution .

ANS : (1) The corresponding
char

.

eqn
is

9T- Gr -11=0 × ,
.
.
=

-b±rÉ4ac
Za

⇒ f- Jr -14=0
⇒ C- Is) :O

⇒ r,=r, = +3

The general solution is F- 4. tax )e±×, where



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

C, and c. are constants
,

b. The corresponding
characteristic equation is

Zr -1-32=0

⇒ rczr -137=0

⇒ f- o or r= - § (distinct )

so if = Cry , -1 Caya = C. é 't c. e-E- C. + c. e-
¥

is a general solution .



 

Example 6.   The equation

gives a general solution  of a homogeneous second-order differential equation  with 
constant coefficients. Find such an equation.

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ANS : tycx )= C. 1- Get
"

= C. -1 + c. e-
'"

= C. eÉÉgé%×

⇒ {
no

V2 = -10

So r, -_ 0
,
v. = -10 are solutions to the char

. eqn .

r '
r
;Thus (r - E)Cr - c- 1037=0

<⇒ r ( r -1103=0

⇐ v4 /or =o k⇒ ar4brtc=o )
is the char . eqn .

So 2=1
,
6=10

,
c=0

.

Thus the diff eqa
is

Y
"

-110g '=0



 

5. Euler Equation  

A second-order Euler equation is one of the form 

where  are constants.

 

Example 7.   Make the substitution  of the following question to find general solutions (for ) of 
the Euler equation. 

 

 

 

 

 

 

 

 

 

 

 

ANS : Let v= In ✗
.

Y'= %¥ = days , dog = gyyy .

± since v=1nx

= II. ±

y
"

=
day
ax
.

= ¥ 1%7×1 =¥ 1¥ - ¥-9T
= -¥ :# + *¥1911
= -¥ :# + ± -¥ - ¥. - dat
= - ¥1T + ± . day. .

± since minx

⇒ y
"
= - ¥ :# + ¥ . II.

Plug them into Eq 191 . we have
.

* 1- ¥ :¥u + ¥ -01¥. ) +2×-1×47 - by --0

⇒ - d¥u + III. + z0¥u - Kyo
⇒ II. + d¥u - lay⇒

This is of the form ay
' 't by

'
+ cy =o , where y



is a function of v.

The char
. eqn is

f-+ r - 12hr =D

⇒ (rt 4)(r-33=0

⇒ r, = -4 and r
,
=3 (distinct roots)

so Y= ay ,
-1 Cay. = c. e-

""

+ Ge
"

31ms
= Ge

-thx

+ Gee

⇒ ya)= c. ✗
-4
+ ↳✗

3

This is the general solution of Egl9) .


