
Review:

In 1.1-1.5, we talked about

Separable Equation  

If , 

Also we need to check if  is a solution.

Linear First Order Equation     (*)

1. Compute  (integrating factor).
2. Multiply both sides of (*) by 
3. 

4. Integrate both sides,  and solve for .

 

Outline of Section 1.6

1. Substitution Method

Equation: 

Homogeneous Equations: 

Bernoulli Equations: 

Reducible Second-order Equations: 

   

with either  or  is missing.

2. Exact Equations

What is an exact equation?

How to check an equation is exact?

How to solve an exact equation?

 



Part 1 Substitution Method  

Often a substitution can be used to transform a given differential equation into one that we already know how 
to solve. For example, 

The differential equation of the form

can be transformed into a separable equation by use of the substitution .

Example 1 Find a general solution of the differential equation

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

①

ANS : Let v=9×tY .

Our goal is to transform ① into an

eqn
in

term of ¥iÑ÷É9-19¥, ⇒ II. = ¥, -9
.

Substitute them into 0
,
then

0¥ - 9 = v2

⇒ 4¥ = v49 ( separable )

separating variable and integrating both sides
,

JTF-_Jd# 4- f¥¥, la .
- subs ,

⇒ § tan- '§ = ✗ + C
,

Let a-¥
,

⇒ du=§du

⇒ §fud¥, =§tañ'u⇒ tan-113 = 3×-1 C
back subs .

Etan-'Iu= I⇒ ¥ = tan 13×-1 C)

⇒ v = 3 tan 13×-1c)

Back substitute v= 9×-1y .

9×-1 y =3tan 13×-1 C)

⇒ if =3tan (3×+4
- 9×



Homogeneous Equations 

A homogeneous first-order differential equation is one that can be written in the form

  The substitution  leads to

  by the product rule.

  The given equation  then becomes

  which is a separable differential equation for  as a function of .

Example 2 Find a general solution of the differential equation

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

✗
'

yo % ✗
'

y
'

-
- - Q

ANS : If ✗
'
- JIO ,

✗to
. We can rewrite as

%¥= 4×971×2 2¥
*- y 1- (¥j 1--1=11×1) ②

Let v=¥
,

then y=v× . d¥×= Vt ✗ ¥,
substitute them into ②

,

2 U
Vtx -¥, =

1- v2
ZV- ✓+ v3⇒ x.gl?=--(Ef-z-v--i-u.--)-Icseparabk)

separating variables and integrate .

1-V
'

Justo du =/f- dx ③

To solve

J 1- v2v4 u du = J 1- v2

V (v41,
dv

Recall the partial fraction method
.

1- v2
Assume

very , ,
= F- + BFF,



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

=
Av4A + B.v7 Cv

V1 V41 )

⇒
- v41
V(v4 , ,

=
(AtB)V4cv#
V ( V41 )

comparing the coefficients . We have

⇒ %:/÷: ☐⇒
c = O

u- subs .

✓
dark ,"É¥÷u,
v41

= In /v41 /
←Thus

Y¥g, = I - ¥-1
Tso J ,

du =
- 2¥ )dv = In /v1 - 1T¥, du

= In / v1 - In /v41 / = In 1¥11
So ③ becomes

In 1¥, / = Int -4 + c.

¥,
= cx

Substitute u = If back
.

(F) × .
= CX

(4×341)×2
⇒ XY

Y
'-1×2

=

⇒ y = c (✗4yd )



Form of the rational function Form of the partial fraction

 where  cannot be factorised

further

 

 

 

 

 

 

 

 

 

 

 

 

 

The following table indicates some simple partial fractions which can be associated with various rational 
functions:

 

 

 



Exercise 3 (Check the answer from the filled-in notes)
Find a general solution of the differential equation

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

O

ANS : If × > o
,
we can divide both sides of 0 by ✗

,

d¥-=¥+r¥FÉi
⇒ doing = ⇒ +Fyi ② / homogeneous equation )

Let ✓ = ¥
,

then y=u× and %t_×=d÷× . ✗ + v

snbsitnte them into ②
.
we have

0¥ .x+v=v -1nF
⇒ 0¥, - ✗=E

⇒ ¥ñ=±d×

By checking an integral table . we know

In lvtFF ) = In 1×1 -1C

⇒ v -1nF + cx

Back - snbsitnting . ✓ = Ix
.
we have

1×+51-5+1 = ex

⇒

y+x+



 

Bernoulli Equations
A first-order differential equation of the form

is called a Bernoulli equation.
If either  or , Eq. (1) is linear.
In our homework, we need to show the substitution

transforms Eq. (1) into the linear first-order equation

Example 4 Find a general solution of the differential equation

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

①

ANS : If ✗ 1=0
.
We divide both sides of ① by ✗

2

II. + ¥y=¥y " .

- - ②

y
t

pcx ,
T
Qcx)

n=q

This is a Bernoulli equation . We let

V= ytn = y
'-4

= y
-3

Then
g-- v

-± ( (v fy
-

3)
- ±

= y )
Taking diff . both sides

.

II. = - Iv - ¥d÷×
Substitute if

-

- v
-±
, doY→ = - § v

- ¥ d¥ into ②
.

- ↳ v¥¥, + ¥ - v
-±

= ¥- v
- ¥



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

We multiply both sides by - 3V¥
,
we have

- §v¥f3v¥)¥, + ¥ - V
-±

. t3v¥)=¥v
- ¥

. 1- 3v¥)

⇒ 4¥ - f- v = - ¥ ( Linear 1st order ) ⑤

- An integrating factor
Pcx ) = et¥d× = elnlxt

'

= X
- b
= ¥

• Multiply both sides of ⑤ by pcx )
¥ . 0¥ -§ . ¥ v = - ¥8

• Note

1-Hs -= Dx ( Pt) Vix ) = Dx (¥ - VCX ) )
- Integrate both sides .

¥ vcxl = -f DX = - 151×-8 dx
= - ¥ ✗

→

+ C

⇒ vex] = ¥ . I + c. ✗
•

• Back substitute
v=y

-3
, we have

(y-7¥ ± + c. ✗
• 1-

±

⇒ y = ± + c. ✗



Reducible Second-Order Equations
Read Page  in our textbook.
A second-order differential equation has the general form

It may be that the dependent variable  or the independent variable  is missing from a second-order 
equation.

Case 1. Variable  Missing

If  is missing, then our equation takes the form

Then the substitution

results in the first-order differential equation

Example 5 Find a general solution of the reducible second-order differential equation

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ANS : Let p= Y'= II. ,

then if
"= 0¥ (=p

'

)

Then subs
, them into 114)

,
then

✗ 0¥ =p ( sep . )

If p -1-0 . then J = f
⇒ In Ipl = In 1×1-1 C

⇒ eh "" = eh ""
'

= e' eh" = c
'

e
"""

⇒ p = c. ✗

Now p=ddY_× = c. ✗ ⇒ y = faxdx = tax't ca



Case 2. Variable  Missing

If  is missing, then our equation takes the form

   
  

   
  

Then the substitution

results in the first-order differential equation

for  as a function of .

Exercise 6 (Check the answer from the filled-in notes.) Find a general solution of the reducible 
second-order differential equation
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Part 2 Exact Equations  

Consider , which implicitly defines  as a function of .

For example, .

Differentiating both sides with respect to , then we have

Let  and . We can rewrite it in differential form

Then  is a solution of Eq  . 

For example, differentiating both sides of , we have

which can be rewrite as 

Note  is a solution to the above equation.

 

 

Defintion. Exact Equation

Generally, consider the following equation

If there exists a function  such that

then the equation

is an implicit general solution of Eq. (4). We call such Eq. (4) an exact equation.

 

 

🤔

Fx = = Fy

How can we check whether the egn (4) is exact ?

If F×y&Fy× are continuous. on open
set in the

xy
- plane .

Then F*y=Fy×
Fxy = 2¥ = 3¥ = Fyx



THEOREM 1 Criterion for Exactness
Suppose that the functions

are continuous and have continuous first-partial order derivatives in the open rectangle

Then the differential equation

is exact if and only if

at each point of .

 

Example 7  Verify that the given differential equation is exact; then solve it.

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

It turns out ¥y = ¥, is necessary & sufficient for exactness

ANS : Let Mlx , y )
= 2✗y

'

-13×2

Nary > = zig -14g
}

Then
2¥ = 212×92+3*7

ay =4×y
11 11

¥, =¥×Ñ-_ 4xy2 ✗

By -1hm 1. the given egn is exact
.

Then by the definition of exact
eqn .

There exist T-ix.gl anch that

3¥ = Mixing I = 2×y2-13×2



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

⇒ Fix
, g) =J¥,d× = J (2×143×2) DX

⇒ Fix . y ) = i -y
-

+ X
'
+ gly )

we diff .
both sides in terms of y .

Navy ' ¥¥y = zig + o + d¥yYI
by def

⇒# +y
'
=# d÷yY

'

⇒ d¥yY'- = ay
}

⇒ gap =fd%If-dy= fay
>

dy = y
"

so T-cx.gl = ✗
'

Y' + i. + if
"
= C is a general solution


