Review:

In 1.1-1.5, we talked about
dy

. %:f(:c) = y:/f(ac)dzc—i—C

d
e Separable Equation % = g(z)k(y)

h(y) #0. [ % ~ [ gtwyia

Also we need to check if k(y) = 0 is a solution.

d
e Linear First Order Equation d_Z + P(z)y = Q(z) (*

1. Compute p(z) = eJ P#) (integrating factor).
2. Multiply both sides of (*) by p(x)
3. LHS = D (p(z)y(x))

4. Integrate both sides, p(x)y(xz) = [ p(z)Q(z)dz + C and solve for y.

Outline of Section 1.6

1. Substitution Method

d
o Equation: Y- F(az +by+c)

dz
dy

o Homogeneous Equations: dz = F(%)

d
o Bernoulli Equations: % + P(z)y = Q(z)y"

o Reducible Second-order Equations:
F(z,y,y'y") =0
with either y or @ is missing.
2. Exact Equations
o Whatis an exact equation?
o How to check an equation is exact?

o How to solve an exact equation?



Part 1 Substitution Method

Often a substitution can be used to transform a given differential equation into one that we already know how
to solve. For example,

The differential equation of the form

dy

o = F(az 4+ by +c) (1)

can be transformed into a separable equation by use of the substitution v = ax + by + c.

Example 1 Find a general solution of the differential equation
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® Homogeneous Equations

A homogeneous first-order differential equation is one that can be written in the form

dy y
fon()

dzx T

The substitution v = %, thatis, y=wvz leadsto
dy dv
@ '

by the product rule.

dy y
. . A F <_)
The given equation dr . then becomes
dv dv
— —F - — F(v) —
'U—l—azdx (v) = T (v) — v

which is a separable differential equation for v as a function of .

Example 2 Find a general solution of the dlfferentlal equatlon
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The following table indicates some simple partial fractions which can be associated with various rational

functions:

Form of the rational function

pT +q
(z —a)(x —b)
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(z —a)?
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further

Form of the partial fraction
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Exercise 3 (Check the answer from the filled-in notes)
Find a general solution of the differential equation
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Bernoulli Equations
A first-order differential equation of the form

d
~2 4+ P@2)y = Q(a)y"

is called a Bernoulli equation.
If eithern = 0orn = 1, Eq. (1) is linear.
In our homework, we need to show the substitution
v = ylfn
transforms Eq. (1) into the linear first-order equation

Z_Z + (1 =n)P(z)v = (1-n)Q(z)

Example 4 Find a general solution of the differential equation
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Reducible Second-Order Equations
Read Page 67 — 69 in our textbook.
A second-order differential equation has the general form

F(z,y,4,9") =0

(2)

It may be that the dependent variable y or the independent variable  is missing from a second-order

equation.
Case 1. Variable y Missing

e [fyis missing, then our equation takes the form

F(z,y',9y") =0
e Then the substitution
s dy "o dp
b=Yy = %a Yy = %

results in the first-order differential equation
F (z,p,p') =0

Example 5 Find a general solution of the reducible second-order differential equation
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Case 2. Variable x Missing
e |f z is missing, then our equation takes the form
F(y,y,y")=0

® Then the substitution

g b iy i
dz’ dx dydx dy

results in the first-order differential equation

for p as a function of y.

Exercise 6 (Check the answer from the filled-in notes.) Find a general solution of the reducible

second-order differential equation
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Part 2 Exact Equations

Consider F(z,y(x)) = C, which implicitly defines y as a function of .
For example, F(z,y) = z3 + 2zy* + 2y° = C.

Differentiating both sides with respect to x, then we have

OF OF dy

- 4 == . — 19
Ox i Oy dx (19)
F F
Let M(z,y) = or and N(z,y) = 3_ We can rewrite it in differential form
Ox Jy
M(z,y)dz + N(z,y)dy = 0. (3)
Then F(z,y) = C'is a solution of Eq (3).
For example, differentiating both sides of F(z,y) = x* + 2zy* + 2y® = C, we have
2 2 2\ Y
(3z* + 2y°) + (4zy + 6y )% =0, (20)
which can be rewrite as
(32% + 2y?)dz + (4ay + 6y*)dy = 0, (21)
Note F(z,y) = z3 + 2zy? + 29> = Cis a solution to the above equation.
Defintion. Exact Equation
Generally, consider the following equation
M(z,y)dz + N(z,y)dy = 0 (4)
If there exists a function F'(z, y) such that
OF OF
=— =M d — =N = 22
F" ox an Oy Fy (22)
then the equation
F(a,y) = C (23)
is an implicit general solution of Eq. (4). We call such Eqg. (4) an exact equation.
& How con we cdheche  whether +he 0{" (4) is exact 7
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THEOREM 1 Criterion for Exactness
Suppose that the functions

M(z,y) and N(z,y) (24)
are continuous and have continuous first-partial order derivatives in the open rectangle
R:a<z<bec<y<d (25)
Then the differential equation
M(z,y)dz + N(z,y)dy =0 (5)
is exact if and only if
= )
at each point of R.
Example 7 Verify that the given differential equation is exact; then solve it.
(2xy2 + 3x2)dac + (2x2y - 4y3)dy =0 (26)
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